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This work investigates one dimensional wave propagation in thermoelastic and ther-
moviscoelastic solids with and without memory. The work considers the solid matter
to be compressible with finite deformation and finite strain. The mathematical model
utilizes Contravariant second Piola-Kirchhoff stress and Green’s strain as work con-
jugate pair in the conservation and balance laws. For thermoviscoelastic solids the
second Piola-Kirchhoff stress is decomposed into equilibrium and deviatoric stress.
The constitutive theory for deviatoric stress is expressed in terms of Greens’s strain
tensor. The thermodynamic pressure in the constitutive theory for equilibrium second
Piola-Kirchhoff stress is defined as a function of density using the published experi-
mental data for rubber. In case of thermoelastic solids the constitutive theories consists
of total second Piola-Kirchhoff stress as a function of Green’s strain tensor. The math-
ematical model consisting of conservation, balance laws and the constitutive theories
are first presented in R3, then explicitly given in R1 followed by the dimensionless
form in R1. The nonlinear partial differential equation describing 1D wave propaga-
tion for finite deformation and finite strain are numerically solved using space-time
finite element method based on space-time residual functional in which the local ap-
proximation function for a space-time element are p-version hierarchical with higher
order global differentiability in space and time. For an increment of time the solu-
tion is computed for a space-time strip and then time marched to obtain the evolution
for desired value of time. The solutions computed in the present work are compared
with recently published work in which the thermodynamic pressure is approximated
by mean normal stress.
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Chapter 1
Literature Review and Scope of Work
1.1 Introduction
In the recent paper Surana et al [1] presented comprehensive review of the published work
pertinent in context with present work. In the following this literature review of reference [1] is in-
cluded for completeness. In reference [3] conservation and balance laws are considered and some
aspects of the constitutive theories are also discussed with the main objective of obtaining simpli-
fied mathematical models with various assumptions that would permit theoretical or semianalytical
solutions. Many specialized forms of the 1D and 2D wave equations and their possible solutions
are discussed. Reference [4] considers solids under high-pressure shock compression. This book
presents many aspects of mechanics, physics, and chemistry in such deformation. Plasticity or
irreversible deformation processes are a central point of focus in this reference. The material in
the book is largely devoted to experiments, design of experiments, and analysis of experimental
data. Experimentally focused work on “nonlinear phenomena in the propagation of elastic waves
in solids” is also presented in reference [5]. The authors consider Green’s strain and many appli-
cations to different and unique materials. Precise mathematical models used and the constitutive
theories considered and their derivations are not given. In reference [6], the authors consider a
one degree of freedom oscillator subjected to an external force and a restoring viscoelastic force
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with memory based on a phenomenological approach. Such models are not valid in the thermo-
dynamic sense and their extension to R2 and R3 is not possible [2]. Finite amplitude waves in
isotropic elastic plates are considered by Lima and Hamilton [7]. A perturbation technique with
semianalytical solution is used to obtain the solutions of the governing equation of equilibrium in
Lagrangian description. Periodic harmonic solutions are presented. In reference [8], thermoelastic
small-amplitude wave propagation in nonlinear elastic media is considered. Helmholtz free energy
density is expressed as a nonlinear function of the principal stretches and is used to derive the
constitutive equation for stress. For thermoelastic material based on reference [2], this approach of
deriving constitutive theory is unfounded. This approach is applied to layered structures. Lima and
Hamilton [9] presented a study of finite amplitude waves in isotropic elastic waveguides with arbi-
trary cross-sectional area using perturbation and modal analysis techniques to obtain the solutions
of nonlinear equations of motion for harmonic motion. The second Piola-Kirchhoff stress tensor is
expressed as a quadratic function of the Green’s strain tensor using a special form given in refer-
ences [10,11]. A study of nonlinear deformation waves in solids and dispersion due to microstruc-
tures using Mindlin type model is considered in reference [12]. Finite volume method is used to
study propagation and interaction of one dimensional waves. Nonlinear transient thermal stresses
and elastic wave propagation studies in thick temperature-gradient dependent FGM cylinder using
a second-order point-collocation method are presented in reference [13]. In reference [14], numer-
ical simulations of linear and nonlinear waves in hypoelastic solids is presented using conservation
element and solution element method (CESE). These investigations are hypothetical as the con-
stitutive theories for hypoelastic solids are hypothetical since these constitutive theories can not
describe the constitution of solids. Numerical simulation of nonlinear elastic wave propagation
in piecewise homogeneous media are considered in reference [15]. Wave reflection, transmission,
and interaction of waves are not clearly demonstrated primarily due to complexity of the properties
of the domain. Vibrations and wave propagation in thick FGM cylinders with temperature depen-
dent material properties is investigated in reference [16]. A nodal discontinuous Galerkin finite
element method is considered for nonlinear elastic wave propagation in reference [17]. Nonlinear
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transient stress wave propagation in thick FGM cylinder using a unified generalized thermoelastic-
ity theory is considered in reference [18]. Nonlinear constitutive model for axisymmetric bending
of annular graphene-like nanoplates with gradient elasticity enhancement effects is considered in
reference [19]. In reference [20], nonlinear semianalytical finite-element algorithm for the analysis
of internal resonance conditions in complex wave guides is considered. Linear stress waves in elas-
tic medium for infinitesimal deformation linear elasticity have been studied by Surana et al [21].
In [1] authors consider 1D wave propagation in thermoelastic and thermoviscoelastic solids with
and without memory for finite deformation and finite strain. In this work the thermodynamic pres-
sure is approximated by mean normal stress. Comprehensive numerical studies are presented for
ramp and pulse loadings.
From the brief literature review presented here we note the following. (i) The mathematical models
resulting from conservation and balance laws are not explicitly defined and stated in most cases.
(ii) The constitutive theories for thermoelastic and thermoviscoelastic materials with and without
memory and the basis for their derivations are mostly absent. In many instances phenomenologi-
cal approach is used. (iii) A mix of various space-time decoupled methods based on finite volume,
finite element approaches for discretization in space followed by some time integration scheme are
used to obtain evolutions described by the IVPs. In many instances semi-analytical approaches
are considered for highy simplified mathematical models that lack the desired physics. (iv) In the
model problems considered and the numerical studies presented for them, the complexity of the
physics of the model problem rarely permits the assesment of the importance of nonlinearity when
compared to the corresponding solutions from the linear models. (v) The issue of time accuracy of
numerical solutions is never addressed in any of the references. This is of utmost significance as
only with the correct time evolution can we assess the importance and significance of the nonlinear
wave propagation.
3
1.2 Considerations in the Present Study and the Scope of Study
The current work considers 1D wave propagation in thermoelastic and thermoviscoelastic
solids with and without memory for finite deformation and finite strain as in reference [1], but the
thermodynamic pressure approximated by mean normal stress in [1] is replaced by actual equation
of state for soft rubber [35]. Thermodynamic pressure is expressed as a fifth degree algebraic poly-
nomial in density using experimental data in [35]. Dependence of the thermodynamic pressure
on temperature is not considered as the boundaries are considered to be insulated, hence the only
entropy production is due to dissipation that results in very small temperature rise, not sufficient to
influence thermodynamic pressure. The main objective of this work is to study 1D wave propaga-
tion in solid media in which compressibility is accounted for in a consistent manner through actual




Mathematical Models and Computational
Method
The conservation and balance laws for solids with finite deformation and finite strain have
been derived and can be found in reference [1]. It is shown that consideration of finite deformation
and finite strain requires use of contravariant second Piola-Kirchhoff stress (σ [0]) and its work
conjugate Green’s Strain tensor (ε [0]) in the derivation of conservation and balance laws. In case of
thermoelastic solids the energy equation is a heat conduction equation and the constitutive theory
for total second Piola-Kirchhoff stress tensor is derived in terms of Green’s strain tensor. For
thermoelastic solids the mechanical rate of work does not result in rate of entropy production. In
case of the thermoviscoelastic solids with or without memory the rate of mechanical work results
in rate of entropy production. This requires decomposition of second Piola-Kirchhoff stress tensor
into equilibrium second Piola-Kirchhoff stress tensor ([eσ [0]]) and the deviatoric second Piola-
Kirchhoff stress tensor ([dσ [0]]). The constitutive theory for deviatoric second Piola-Kirchhoff
stress tensor is derived in terms of [ε [0]] and the rate of ε [0] i.e, ε [1] while the constitutive theory for
[eσ
[0]] requires thermodynamic pressure using equation of state. For thermoviscoelastic solids with
memory also we perform stress decomposition of [σ [0]] into [eσ [0]] and [dσ [0]]. The Constitutive
theory for [dσ [0]] is a rate equation that requires use of [dσ [0]], [dσ [1]], [ε [0]] and [ε [1]]. [dσ [1]] and
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[ε [1]] are rates or material derivative of [dσ [0]] and [ε [0]]. The constitutive theory for [eσ [0]] remains
same as in case of thermoviscoelastic solids without memory. Fourier heat conduction law with
constant thermal conductivity is used in all cases.
2.1 Mathematical Models in R3
Following [1], we can write the following for the conservation and balance laws and the con-
stitutive theories (assuming absence of sources and sinks) in Lagrangian description. TE and TVE
refer to thermoelastic and thermoviscoelastic materials. Following [1], we can write the following
for the conservation and balance laws and the constitutive theories (assuming absence of sources
and sinks) in Lagrangian description. TE and TVE refer to thermoelastic and thermoviscoelastic
materials.
Continuity: ρ0 = |J|ρ(x, t) (2.1)
Linear momenta: ρ0 {ü}− ([J][σ [0]]T ){∇}= 0 (2.2)










































2µ1[ε[0]]+λ1(tr[ε[0]])[I]+2µ1[ε [1]]+λ 1(tr[ε [1]])[I]; TVE, with memory

(2.7)
In which ρ and ρo are densities in the current and reference configuration, x and x̄ are material point
co-ordinates in reference and current configuration, v are velocities, [J] is Jacobian of deformation,
∇ is gradient vector, u and u̇ are displacements and their material derivative and e is specific internal
energy, q is heat vector, µ and λ are material constants for thermoelastic solid, µ˜, λ˜, µ˜1, λ˜1 are
material co-efficients for thermoviscoelastic solid without memory and λ1, µ1, µ1, λ 1, are material
co-efficients for thermoelastic solid with memory, λ1 is relaxation time for thermoviscoelastic solid
with memory, k is co-efficients of thermalconductivity and θ is absolute temperature, p(ρ,θ) is
the thermodynamic pressure and is assumed to be positive when compressive. Thermodynamic
pressure is generally a function of ρ and θ .
Equation of State:
Equation of state defines thermodynamic pressure p as a function of density ρ and temperature θ .
In the present 1D numerical studies the rod is assumed completely insulated, hence the temperature
change is purely due to dissipation i.e, rate of entropy generation is due to rate of work, thus
may not be significant to influence thermodynamic pressure. In the present work we consider the
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following for equation of state [35]
p = c̃0 + c̃1ρ + c̃2(ρ)2 + c̃3(ρ)3 + c̃4(ρ)4 + c̃5(ρ)5 (2.8)
which is a fifth degree polynomial in ρ . This relationship is a curve fit to the experimental data for
hard rubber [35]. In equation (2.8) quatities have their usual dimensions. In all numerical studies
we refer to the thermodynamic pressure p in (2.8) by abreviation TP. In the experimental work,
hard rubber was tested in tension yielding pressure values upto 3×107 N/m2 that results in almost
80% reduction in density (as shown in figure 2.1). In the numerical studies presented in this paper
the p versus ρ equation of state (2.8) is also used in compression. Figure 2.1 also shows p versus
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Figure 2.1: Pressure versus Density
other solids, p = p(ρ) or p = p(ρ,θ) may require elaborate experimental work to determine. In
such cases mean normal stress (mechanical pressure) is used as an approximation to the equation
8






ii ; Mechanical pressure (MP) (2.9)










− p [I] (2.10)
equation (2.9) reduces to
dσ
(0)
ii = 0 (2.11)
quation (2.9) is obviously an approximation to the actual equation of state. More specifically it
is based on incompressibilty assumption. Thus comparing results using (2.8) and (2.9) will be
meaningful to determine deviation in result caused due to assumption of (2.9) for thermodynamic
pressure. We refer to equation of state (2.9) in numerical studies by "MP" mechanical pressure.
2.2 Mathematical Models in R1
The mathematical models in R1 is directly deduced from the mathematical model in R3, but
keeping in mind that in R1 the other two dimension do not exist. Secondly the mathematical model
in R1 presented here incorporates some factors with values of 1 or 0 inorder to conveniently use the
same mathematical model for infinitesimal deformation and strain as well as for finite deformation
and finite strain. The conservation and balance laws in R1 can be written as (in the absence of body
forces and other sources and sinks) we assume the system (rod) to be insulated. Hence when we



































xx = 0 (2.14)
Constitutive theories:
Thermoelastic ; σ [0]xx = E(ε[0])xx (2.15)














TVE, no memory ; dσ
[0]
xx =
dE˜(ε[0])xx + dc˜(ε̇[0])xx (2.18)







= dE˜(ε[0])xx + dc˜(ε̇[0])xx (2.19)
TVE with and without memory ; q =−k∂θ
∂x
(2.20)


















and J = 1+ f
∂u
∂x
; Jacobian of deformation (2.23)
In the energy equation. we have used e(x, t) = cp0θ(x, t). The factor f takes on values of zero
for small deformation and small strain and a value of one for finite deformation and finite strain.
Equation of state remains the same for thermodynamic pressure (TP) and mechanical pressure
(MP) as described by (2.8) and (2.9) respectively
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Remarks:






























































xx − eσ [0]xx (2.29)
and eσ
[0]
xx is given by (2.17) that requires thermodynamic pressure p(ρ).
2.3 Dimensionless forms of Mathematical Models in R1
We present the dimensionless forms of the mathematical models given in sections 2.2 by choos-
ing appropriate reference quantities. We consider the mathematical models derived in sections 2.2
and introduce hat (ˆ) i.e. x changes to x̂, t to t̂, θ to θ̂ , etc. This implies that all quantities with hat
have their usual dimensions or units in terms of force (F̂), length (L̂), and time (t̂). Next we choose
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a reference value of force (F0), length (L0), and time (t0) which would yield dimensionless force
(F), length (L), and time (t), the quantities without hat (ˆ), as F = F̂F0 , L =
L̂
L0
, and t = t̂t0 . This is
a general process of non-dimensionalizing. Additionally, we may have to choose other reference
quantities too, for example, θ0 for temperature θ̂ so that we can obtain dimensionless temperature
θ = θ̂
θ0
. For wave propagation the reference speed of sound is a good choice for reference velocity
(v0). If we choose L0 as reference length then with v0 and L0, reference time t0 =
L0
v0
, i.e. t0 can
not be independent of L0 and v0. We consider the following reference quantities, the resulting
dimensionless variables, and the dimensionless parameters.



































(reference speed of sound)




, θ = θ̂
θ0








Using (2.30) , mathematical models in ((2.1) to (2.29)) can be nondimensionalized. The dimen-

















































xx = 0 (2.33)










































dE˜(ε[0])xx + dc˜(ε̇[0])xx ; TVE, with memory (2.38)
q =−k∂θ
∂x
; TVE with and without memory (2.39)




































Figure 2.2 shows a graph of dimensionless p versus dimensionless ρ that precisely corresponds
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to p versus ρ graph of figure 2.1 in which p and ρ have their usual dimensions. Once again here
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Figure 2.2: Dimensionless Pressure versus Density
2.4 Computational Framework for Numerical Simulation of
Evolution
For the sake of simplicity, we consider mathematical models in R1 describing one-dimensional
wave propagation in thermoelastic and thermoviscoelastic media with and without memory. This
choice is due to simplicity of physics so that the significant and subtle features of linear and non-
linear wave propagation can be clearly demonstrated. Thus the mathematical models in section 2.2
(R1) contain x and t as independent coordinates. All three mathematical modes in section 2.2 can
be arranged in the following compact form.






Ai jφ j− fi = 0; i = 1,2, · · · ,m ∀ (x, t) ∈ Ωxt (2.43)
t = tn
t = tn−1
t = t2 = 2∆t
t = t1 = ∆t





(b) Space-time strips kΩ̄xt ; k = 1,2, · · · ,n, · · ·
2Ω̄xt









(c) Discretization for nth space-time strip




















Figure 2.3: Space-Time Domain, Space-Time Strips, and Discretization for nth Space-Time Strip.
(a) Space-time domain; (b) Space-Time strips kΩTxt ; k=1,2,· · ·,n,· · ·; (c) Discretization
for nth space-time strip.
Equations (2.42) or (2.43) are a system of m partial differential equations. In (2.42), matrix A
contains the differential operators, φ is a vector of dependent variables, and f is a vector containing
nonhomogeneous terms. In (2.42), Ωxt is the open space-time domain such that Ω̄xt = Ωxt
⋃
Γ, Ω̄xt
being closure of Ωxt and Γ being the closed boundary of Ωxt . Additionally, the following holds
(figure 2.3), Ω̄x = Ωx
⋃
Γx and Ω̄t = Ωt
⋃
Γt such that Γ = Γx
⋃





Γi as shown in figure 2.3(a). Figure 2.3(b) shows a subdivision of the space-time domain





Ω̄xt ∀ (x, t) ∈ nΩ̄xt = Ω̄x× nΩ̄t = [0,L]× [tn−1, tn] (2.44)
The nth space-time strip, with domain nΩ̄xt , is from time tn−1 to tn over the spatial domain [0,L].
The time interval ∆t for the strips need not be uniform (but assumed so here for simplicity). Con-










in which Ω̄ext is the space-time domain of a space-time element, e (figure 2.3(c)), a nine node space-
time p-version element. Consider the nth space-time strip with its space-time domain nΩ̄xt and its
discretization nΩ̄Txt . Let
n
i φh; i = 1,2, · · · ,m be the approximations of φi; i = 1,2, · · · ,m over nΩ̄Txt
and let ni φ
e









h); i = 1,2, · · · ,m (2.46)
If we substitute njφh in (2.43), then we obtain the residual functions (equations), Ei = i= 1,2, · · · ,m,
for the nth space-time strip.
Ei = Ai j(njφh)− fi; i = 1,2, · · · ,m (2.47)
On the other hand, if we substitute ni φ
e
h in (2.43), we obtain residual equations, E
e
i , for a space-time
element e.




h)− fi; i = 1,2, · · · ,m (2.48)
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We consider the space-time finite element method based on residual functional (space-time least
squares method). See references [22]- [31] for more details. Let nI be the residual functional for
the discretization of the nth space-time strip defined by the sum of the scalar products of Ei with





















Based on the calculus of variations [22], an extremum of the functional nI is also a solution of
the associated Euler’s equations (partial differential equations in the mathematical models). An
extremum of nI requires that we set its first variation, δ (nI), to zero, a necessary condition, provided
nI is differentiable in its arguments.
δ (nI) = ∑
e











{ge}= 2{g}= 0 (2.51)
Thus, {g}= 0 is a necessary condition for an extremum of functional nI. The sufficient condition,
















In ((2.52), δ 2(nI) > 0, = 0, < 0, ensures a minimum, a saddle point, or a maximum, respectively,
of nI for the solution ni φh obtained from (2.51)). Equation (2.52)) is clearly not an extremum












This is a unique extremum principle (see reference [22] for details). Since some of the equa-
tions in the mathematical model are nonlinear, some Eei are nonlinear functions of the depen-
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n ∈Vn ⊂ Hk,p(Ω̄ext) in which k = (k1,k2), k1 and k2 being the orders of the scalar product space







i]{iδ e}; i = 1,2, · · · ,m (2.54)
in which [Ni] are space-time local approximation functions and {iδ e} are nodal degrees of freedom
for a dependent variable φi. Let {δ e}T = [{1δ e}T , {2δ e}T , · · · ,{mδ e}T ] be the total degrees of
freedom for all of the dependent variables φi for an element, e. Therefore, the total degrees of





With (2.54) and (2.55), {g} in (2.51) is a nonlinear function of {δ}, hence the necessary condition
{g}= 0 must be satisfied iteratively. We consider Newton’s linear method. Let {δ0} be an assumed
solution (a starting solution), then
{g({δ0})} 6= 0 (2.56)
Let {∆δ} be a change in {δ0} such that
{g({δ0}+{∆δ})}= 0 (2.57)
















An improved solution, {δ}, is obtained using
{δ}= {δ0}+α{∆δ}; 0≤ α ≤ 2 such that nI({δ})≤ nI({δ0}) (2.60)
Use of α in (2.60) is called line search [22]- [31]. Using {δ} in (2.60), we check if the absolute
value of each component of {g({δ})} is less than or equal to ∆, (generally 10−6 or lower) a
preset tolerance for computed zero. If this condition is satisfied by {δ} in (2.60), then we have a
converged solution {δ} from Newton’s linear method, otherwise we set {δ0} to be {δ} and repeat








which when approximated using (2.53)) gives a positive definite coefficient matrix due to the fact

















in which [Ke] is the element coefficient matrix and [δ 2I] in (2.60)) are the assembled element








2.4.1 Time Marching Procedure: Computations of Evolution
We initiate computations with the first space-time strip shown in figure 2.4 with boundary
conditions on two boundaries and initial conditions at time t = 0, the boundary at t = ∆t being the
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open boundary where nothing is known about the solution. With proper choice of discretization,
p-level, and minimally conforming space choice [22]- [31], the integrated sum of squares of the
residuals 1I for the first space-time strip are achieved to be less than or equal to O(10−6). With the
minimally conforming choice of k, the orders k1 and k2 of the approximation space in space and
time, the space-time integrals are Riemann over nΩ̄Txt , hence
1I of the order of O(10−6) or lower
indicates that the GDEs are satisfied accurately in the pointwise sense over 1Ω̄Txt [22]- [31]. Upon
obtaining an accurate solution for 1Ω̄Txt the computations are initiated for
2Ω̄Txt keeping the same
p-levels, same values of k, and the same discretization as used for 1Ω̄Txt . For the second space-
time strip, 2Ω̄Txt , ICs at t = ∆t are from the computed solution at t = ∆t for
1Ω̄Txt . This process is
continued till the desired time t = τ is reached. The benefits of space-time coupled finite element
process based on residual functional and the computations of evolutions using space-time strip












ICs from 1Ω̄xt at t = ∆t
open boundary
open boundary




We consider one dimensional axial wave propagation in thermoelastic solid and thermovis-
coelastic solid with and without memory. In all three mathematical models (section 2.3) Green’s
strain tensor is used as a measure of finite strain and the second Piola-Kirchhoff stress tensor as
energy conjugate stress measure. Figure 3.1(a) shows a schematic of the dimensionless rod of
length one unit. The right end of the rod (at x = 1.0) is subjected to two different types of loadings.
3.1 Loadings
We consider two different types of loadings at x = 1.0.
Pulse Loading (L1) at x = 1:
This loading consists of a stress pulse σ [0]xx (t) of maximum amplitude ±σ1, positive for tensile
loading and negative for compressive loading applied over a time interval of 2∆t. In figure 3.1(b),
σ
[0]
xx (t) is continuous with continuous first time derivative for 0 ≤ t ≤ 2∆t, zero for t ≥ 2∆t and is
defined using the following.
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for t ≥ 2∆t; σ [0]xx (t) = 0

(3.1)
The stress pulse σ [0]xx (t) described by 3.1 has support of 2∆t with maximum amplitude of ±σ1 at
t = ∆t such that for 0≤ t ≤ 2∆t σ [0]xx (t) is a cubic function of time t and σ [0]xx (t) = 0 for t ≥ 2∆t.
Ramp Loading (L2) at x = 1:
This loading consists of stress σ [0]xx (t) defined as a ramp function over a time interval of ∆t
with maximum value of ±σ1. Positive and negative signs correspond to tension and compression
respectively. The ramp σ [0]xx (t) is continuous with continuous first derivative for (cubis function)
0≤ t ≤ ∆t and remains ±σ1 for t ≥ ∆t.












for t ≥ ∆t; σ [0]xx (t) =±σ1

(3.2)
Figure 3.1(c) shows a schematic of this loading.
3.2 Material Coefficients, Reference Quantities and Dimension-
less Parameters
Details of the choices of reference quantities, material coefficients and dimensionless parame-
ters for TE and TVE solids with and without memory are given in the following.
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u = 0










(b) Pulse Loading: L1






(c) Ramp Loading: L2
Figure 3.1: Schematic of 1D rod, Pulse, and Ramp loading
Thermoelastic Solid Continua (TE)
We consider hard rubber [35] for which we have the following assuming it to be purely elastic,
ρ̂0 = 1100 kg/m3 , Ê = 2.3 × 107 N/m2




E0 = Ê ; hence E = ÊẼ = 1
L0 = 1
reference speed of sound v0 =
√
E0/ρ̃0 = 144.5 m/s




ρ̃0 is reference density
Thermoviscoelastic Solid Without Memory (TVE)
ρ̂0 = 1100 kg/m3 , Ê = 2.3 × 107 N/m2
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θ0 = 300k , ĉp0 =1380
J
kg·K
c̃p0= ĉp0 , hence cp0 = ĉp0 /c̃p0
k̂0=0.16 wmk , k̃0=0.16
w
mk , hence k0 =
k̂0
k̃0
The coefficients used in the equation of state (thermodynamic pressure) in (2.40) are given in the
following
c̃0 =−48.989328, c̃1 = 230.489344, c̃2 =−435.159055
c̃3 = 412.2533551, c̃4 =−196.29911, c̃5 = 37.704793
Thermoviscoelastic Solid With Memory (TVEM)
The details of material coefficients, referemce quantities and dimensionless quatities given for TVE
solid without memory hold here. In addition we have deborah number De=λ/t0. Values of De are
given with numerical studies.
3.3 Considerations of material coefficients, Thermodynamic pres-
sure and Mechanical pressure
We assume that the slope of dimensionless σ [0]xx versus ε[0] is constant and the modulus of
elasticity E relating the two that has a dimensionless value of one. Thus, in case of thermoelastic
solids we can use E=1 in the constitutive theory. In case of thermoviscoelastic solids with and
without memory the constitutive theory considers deviatoric second Piola Kirchhoff stress and
Green’s strain. In addition the equilibrium stress is related to thermodynamic pressure. In the
present work we assume that σ [0]xx vs (ε[0])xx behavior assumed for TE solid remains the same for
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TVE solid with and without memory i,e
σ
[0]
xx = E ε[0] (3.3)
holds for TVE and TVEM in dimensionless form in which E=1. Recall that from continuity





























xx versus (ε[0])xx in the entire range of (ε[0])xx as well as in the linear range are
presented. A range of ∂u/∂x corresponding to ρ that corresponds to valid range of p(ρ) in tension
(2×107N/m2) in the experiment is choosen.
1. For this range of ∂u/∂x, (ε[0])xx is calculated using (3.5). A graph of (ε[0])xx versus ∂u/∂x
is shown in figure 3.2(a).
2. Density ρ is calculated using (3.4) for this range of ∂u/∂x. A plot of ρ versus ∂u/∂x is as
shown in 3.2(b).
3. Thermodynamic pressure p(ρ) is calculated for this range of ρ (in (2)). A plot of p(ρ)
versus ρ is as shown in figure 3.2(c) (in tension only).
4. Equilibrium second Piola-Kirchhoff stress eσ
[0]
xx is calculated using (3.8). A graph of eσ
[0]
xx
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(d) Equilibrium Stress versus Green Strain(tension)




5. Using σ [0]xx in (3.3) and eσ
[0]
xx in (3.8) for the range of (ε[0])xx that corresponds to choosen
range of ∂u/∂x, dσ
[0]




xx versus (ε[0])xx are
shown in figure 3.3(a). We note that dσ
[0]
xx versus (ε[0])xx is highly nonlinear for large range
of (ε[0])xx.
6. Modulus dE in dσ
[0]
xx =
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(b) Total and Deviatoric Stress vs Green Strain (Tension)
Figure 3.3: Plots of σ [0]xx versus (ε[0])xx and dσ
[0]
xx versus (ε[0])xx in tension for nonlinear and linear
range
7. We note that for 1D case (ε[0])xx=
√
iiε[0] in which iiε[0]=tr([ε[0]]
2), the second invariant of
ε[0] , hence (ε[0])xx in (1) can be replaced by
√
iiε[0] .
8. Figure 3.3(b) show plot of σ [0]xx versus (ε[0])xx and dσ
[0]
xx versus (ε[0])xx in the linear range
(tension only), the slopes of these are E = 1 and dE = 0.968.
9. Plots of (ε[0])xx versus ∂u/∂x, ρ versus ∂u/∂x, p(ρ) versus ρ and eσ
[0]
xx versus (ε[0])xx in
compression using the same equation of state (3.6) are shown in figures 3.4(a)-(d)
10. Figures 3.5(a) and 3.5(b) show plots of σ [0]xx versus (ε[0])xx, dσ
[0]
xx versus (ε[0])xx in the non-
linear as well as linear range for compression loading. From figure the slopes yield E = 1
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(d) Equilibrium Stress vs Green Strain (Compression)




3.4 Computations of Evolutions: Numerical Results
Evolution for pulse and ramp loadings are computed using a space-time strip for a time in-
crement ∆t with time marching. We choose the orders of spaces in space and time (k = (k1,k2))
to be k1 = 2 and k2 = 2. In the mathematical models used the spatial derivative of all dependent
variables are of first order, but the time derivative are upto orders two. Thus for (k1,k2) =(2,2) the
integrals in the LSP over Ω̄Txt are Riemann in space but Lebeque in time. However, due to smooth-
ness of evolutions we expect the convergence of the solution of class C1 in time to solutions of
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(b) Total and Deviatoric Stress vs Green Strain
(Compression)
Figure 3.5: Plots of σ [0]xx versus (ε[0])xx and dσ
[0]
xx versus (ε[0])xx in compression for nonlinear and
linear range
hence for time increment of ∆t the wave will advance a spatial distance of ∆x = ∆x. We con-
sider a uniform sixteen element discretization for the first space-time (and all subsequent ones)
using nine-node p-version hierarchial space-time element with space-time local approximation in
Hk,p(Ω̄xt); k = (k1,k2) = (2,2) space. Uniform p-levels are considered in space and time, p-levels
are increased from 3 to 11 in increments of two. Newton’s linear method with line search is con-
sidered converged when max|gi| ≤ ∆ ; ∆≤ D(10−6). Generally less than 5-10 iteration have been
sufficient for convergence of the iterative solution method.
Convergence Study:
First we consider convergence behaviour of the residual functional I for 1Ω̄Txt , the first space
time strip using a fixed sixteen element uniform mesh for 1Ω̄Txt with p-level from 3-11 in increment
of 2. These convergence studies are considered for,






















Small strain (±σ =±0.01)
Finite strain (−σ =−0.01)


























Small strain (±σ =±0.01)































Small strain (±σ =±0.01)





Finite strain (σ =+0.1)
(c) TVEM
Figure 3.6: Convergence of Residual Functional I: log
√
I versus logdo f
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2. 1D wave propagation with finite deformation and finite strain ( f = 1) for −σ1=0.01 and
σ1 = 0.1
We conduct studies for TE and TVE solid with and without memory. Figures 3.6(a),(b) and (c)
show plots of log(
√
I) versus log(do f ) for TE, TVE, TVEM. In all three cases at p = p1 = p2 = 9,
I is of the order of O(10−12) or lower confirming good convergence of the computed solution for
the first space-time strip to the theoretical solution. In all three cases (TE, TVE, TVM) the asymp-
totic range is achieved even at p = 3. For TE case, both linear and nonlinear studies yield same
convergence rate of 2.364. In case of TVE infinitesimal strain slightly higher convergence rate
(3.055) is observed compared to finite deformation case (±σ1 yield nearly same rates) in which
case a convergence rate of 2.6959 is achieved. For TVEM the convergence rate for infinitesimal
strain is same (3.011) as that for the TVE (3.055). For finite strain rate a slightly lower convergence
rate (2.642) is observed compared to infinitesimal strain case.
We observe that for TE, TVE and TVEM convergence rate of 2.364, 2.6859, and 2.642 are ob-
served for the finite deformation case, nearly the same for practical purposes. In all three studies
(TE, TVE and TVEM) onset of post asymptotic range is observed indicating that p-levels beyond
9 for this 16 element discretization are unlikely to result in significant improvement in I.
3.4.1 Comparison of Wave Propagation: Thermodynamic Pressure and Me-
chanical Pressure
In this section we compare the wave propagation results of current work with the published
work [1] in which thermodynamic pressure is approximated by mean normal stress. In all the
numerical studies that follow in this section, we consider wave propagation in thermoviscoelastic
solid without memory and refer to the results of current studies by "TP" (thermodynamic pressure)




We consider a tensile stress ramp applied with σ1 = 0.25, c = 0.006, and ∆t = 0.1. The plots in
figure 3.7(a)-3.7(f) shows the stress wave propagation towards fixed end (x=0) for t = ∆t, 2∆t, 4∆t
and getting reflected at the fixed end of the rod at t = 9∆t. Wave propagation before and after
reflection from the free end (x=1) are as shown in t = 12∆t, 18∆t. It could be noticed from the
graphs that the waves propagate faster with relatively higher velocity for mechanical pressure (MP)
case as compared to the material with thermodynamic pressure (TP). This is as a result of the dif-
ference in modulus E used in both the studies. In the published work [1], the modulus E = 32
d
E˜
while in the current work E=(0.968)dE˜ is used. Before the reflection, the value of stress is same
as applied, σ1 = 0.25 in both the cases, but after the reflection for t = 9∆t (figure 3.7(d)) from
the fixed end, the stress is more for mechanical pressure case (σ1 = 0.51), when compared to the
current study that incorporates the appropriate equation of state (σ1 = 0.47). Figure 3.8(a)-3.8(f)
shows the density plots for time steps t = ∆t, 2∆t, 4∆t,10∆t, 12∆t, and 18∆t. Due to the nature
of load applied, the density in the material decreases and this decrease at a given point is more in
the case of material with mechanical pressure equation (MP) as compared to the decrease in den-
sity in the current study with thermodynamic pressure equation. Similar trend could be observed
after reflection from the fixed end (x = 0) for density where the decrease in density is less for TP
compared to MP which is consistent with the speed at which the waves propagate after reflection.
Figure 3.9(a)-3.9(f) shows the displacement plot for t = ∆t, 2∆t, 4∆t,10∆t, 12∆t, and 18∆t. The
displacement of rod as the stress wave propagates between the ends of rod (0 ≥ x ≤ 1) is always
lower in the case of TP compared to MP which is consistent with the stress and density plots that
showed relatively slower velocity of stress wave propagation and less reduction in density for TP
compared to MP. Thus from the above discussion we can conclude that incorporating mechanical
pressure to calculate equilibrium stress in a compressible solid results in over estimation of the

























































































































(f) t = 18∆t
























































































































(f) t = 18∆t



































































































































(f) t = 18∆t




In this section we consider a compressive ramp loading of σ1 = −0.01, c = 0.006 and ∆t =
0.1. The plots in figure 3.10(a)-3.10(f) shows the stress wave propagation between ends of the
rod ((0 ≥ x ≤ 1). Figure 3.10(a),(b) and (c) shows the wave propagation towards the fixed end
and figure 3.10(d) shows wave reflection at the fixed end (x = 0) of the rod at t = 10∆t. Wave
propagation before and after reflection from the free end (x=1) are as shown in t = 12∆t, 18∆t.
Here also it is evident from the stress plots (figure 3.10(a)-(f)) that the speed at which the wave
propagate is overestimated in the case of material using mechanical pressure (MP) compared to the
material modelled with thermodynamic pressure(TP) for eσ
[0]
xx . This is again due to the difference
in modulus value. Figure 3.11(a)-3.11(f) shows the change in density for MP and TP case for
t = ∆t, 2∆t,4∆t,10∆t,12∆t and 15∆t. For all the time steps it is observed that the increase in
density of the rod subjected to compressive load is more for mechanical pressure (MP) compared
to the change in the case of thermodynamic pressure. And the displacements plots shown in figure
3.12(a)-3.12(f) is consistent with the trend observed in stress and density plots, since at each time
step, the displacement at a point for MP is higher than that of TP.
Thus from the above discussions it could well be concluded that in order to represent the correct
physics involved in the response of a compressible material like hard rubber, in terms of the speed
of wave propagation, density change in the material and the displacement the material particles
undergo, it is required that we incorporate the right equation of state for thermodynamic pressure,
to account for the eσ
[0]
xx in the material. Following this conclusion it is now required to further study
the material with the appropriate mathematical model in comparison with thermoelastic solid with
no dissipation and also linear and nonlinear cases to better understand and illustrate the influence
of using the actual equation of state to model a homogenous isotropic compressible solid. In the
following sections we consider thermo elastic (TE) solid with no dissipation and compare their
results with TVE and TVEM solid for two different loading conditions. And also study linear and




























































































































(f) t = 18∆t
Figure 3.10: Evolution of σ [0]xx along the length of the rod in compression (σ1 = −0.01, ∆t = 0.1,














































































































(f) t = 15∆t
Figure 3.11: Evolution of Density(ρ) along the length of the rod in compression (σ1 = −0.01,








































































































(f) t = 18∆t
Figure 3.12: Evolution of displacement u along the length of the rod in compression (σ1 =−0.01,
∆t = 0.1, c = 0.006): TVE
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3.4.2 TE and TVE Solid
In this section we present computed evolutions for TE and TVE solid for nonlinear cases. When
considering compressive σ [0]xx at x= 1, caution should be exercised regarding the magnitude of−σ1
as for this case for some value of −σ1 the stiffness due to σ
[0]
xx will become equal to the nonlinear
siffness of the rod causing instability, hence failure of computations [32]- [34]. This will occur
at the fixed end during reflection when the magnitude of the stress momentarily jumps (double in
linear case). Hence in the present study involving TE solid, we choose σ1 = ±0.01 for loading
L1 as well as loading L2, well below the stress value that causes instability. In all computations,
constant ∆t = 0.1 is maintained.
Loading L1: Pulse
(a) Compressive
We consider a compressive stress pulse with σ1 =−0.0127 with f = 1 and c = 0.006 for TVE.
As seen from the graphs 3.13(a)-(f) stress pulse for TE solid propagates without any amplitude
decay and base elongation as expected due to reversibility of the deformation process, where as
in the case of TVE solid there is significant amplitude decay and base elongation as a result of
dissipation caused due to damping which is influenced by the value of the damping co-efficient
in the mathematical model. Figure 3.13 shows stress wave propagation over 0 ≥ x ≤ 1 for t =
∆t, 2∆t, 6∆t, 10∆t, 15∆t and 25∆t. At t = 10∆t, the stress pulse is reflecting from the impermeable
boundary at x = 0. Upon reflection, the reflected pulse propagates back toward the right end
of the rod (x = 1.0) and reflects from the free boundary at x = 1.0. This reflected stress pulse
now propagates toward the left end of the rod ( figure 3.13 (f) at t = 18∆t). We observe that
the amplitude of the stress pulse and its base are maintained during propagation and repeated
reflections as expected in case of TE solid and amplitude slowly dying out in the case of TVE
solid. Also the figures show that the stress waves in the case of TVE solid leading TE wave
because of the higher increase in density in TE solid as compared to TVE in the deformed portion






































































































(f) t = 25∆t
Figure 3.13: Evolution of σ [0]xx along the length of the rod in compression (σ1 =−0.0127, ∆t = 0.1,
c = 0.006): TE , TVE
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(b) Tensile
In this study, we choose a tensile stress pulse with σ1 = 0.0124 applied at x = 1.0. Computed
evolutions for TE and TVE solid are shown in figure 3.14 (a)-(f) for the same values of time, t,
as used in figures 3.13(a)-(f). For both TE and TVE cases, the wave shape is preserved during
propagation and the reflections from the boundaries at x = 0 and x = 1 take place as expected. In
case of TVE the material density reduction due to elongation at the deformed region of the rod is
more than the density decrease in TE, hence increasing the local wave speed in TVE solid. Thus,
in figures 3.14(a)-(f) we observe that the wave in TVE solid leads the TE wave throughout the
evolution. The significantly different behaviors of TE and TVE of the pulses at reflection from the
boundary at x = 0 is observed here also. This is quite similar to the reflection shown in figure 3.13
(d), hence not repeated.
Loading L2: Ramp
(a) Compressive
In this study, we consider loading L2 with σ1 = −0.0127, a ramp loading over 0 ≤ t ≤ ∆t.
Here also we consider f = 1 (nonlinear case) and c = 0.006 as well. The magnitude of σ1 re-
mains constant in TE and the difference in amplitude decay and base elongation could be observed
for TE and TVE solid. Figures 3.15(a)-(f) show propagation of stress wave over 0 ≤ x ≤ 1 for
t = ∆t, 4∆t, 7∆t, 10∆t, 14∆t, 23∆t. At t = 10∆t, the stress wave is reflecting from the imper-
meable boundary at x = 0. Upon reflection, the reflected stress wave propagates back toward the
right end boundary at x = 0.0 and reflects from the free boundary at x = 1.0. The reflected stress
wave now propagates back toward the left end of the rod at x = 0.0 (figure 3.15(f) at t = 23∆t). We
observe that the amplitude of the stress wave and its support (base) are maintained during prop-
agation and after reflection as expected in the thermoelastic solid and the decay of the amplitude
and base elongation in thermoviscoelastic solid. Due to compression, the density increases in the
deformed portion of the medium for TE solid compared to TVE, hence the wave speed is reduced
in TE solid. The stress wave reflecting from the impermeable boundary at x = 0 are similar to
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(f) t = 23∆t
Figure 3.14: Evolution of σ [0]xx along the length of the rod in tension (σ1 = 0.0124, ∆t = 0.1, c =
0.006): TE , TVE
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ued temperature rise within the TVE material due to sustained load at the free end (x = 1.0) and
associated dissipation mechanism converting mechanical energy into entropy.
(b) Tensile
In this study, we consider tensile stress loading with σ1 = 0.0124 applied at x = 1.0 over ∆t.
Computed evolutions for TE and TVE cases are shown in figure 3.16(a)-(f) for the same values
of time t as used in figures 3.16(a)-(f). For both TE and TVE cases the wave shape is preserved
during evolution i.e. propagation and reflections. For the tensile stress wave in TVE solid, the
material density reduces locally more during deformation (due to elongation) compared to TE,
which results in increasing local wave speed in TVE. Hence, in figures 3.16(a)-(f) we observe that
the nonlinear wave in TVE leads the wave in TE throughout the evolution. The results for the
reflection and propagation from the boundaries and velocity of wave are not presented for brevity.
3.4.3 Linear and Nonlinear Waves in TVE Solids
In this section, we consider linear and nonlinear waves in TVE solid. These solids have elas-
ticity, mechanism of dissipation which results in heat, hence influences specific internal energy.
The dissipation mechanism is obviously present in linear (small strain) as well as nonlinear cases
(Green’s strain). In the current work the use of linear and nonlinear waves in all the studies im-
ply wave propagation simulated using linear and nonlinear mathematical models. For linear case,
( f =0), with ∂u
∂x  1, hence ρ0=ρ(x, t) holds during evolution and for nonlinear case f = 1. In the
case of tensile load applied for TVE solid, we can take more liberty with the magnitude of stress σ1
due to not being restricted by the instability issues. We consider dimensionless damping coefficient
c = 0.006 in all numerical studies presented in this section.
Loading L1: Pulse
(a) Compressive























































































































(f) t = 23∆t
Figure 3.15: Evolution of σ [0]xx along the length of the rod in compression:(∆t = 0.1, σ1 =−0.0127,
































































































































(f) t = 23∆t
Figure 3.16: Evolution of σ [0]xx along the length of the rod in tension (∆t = 0.1, σ1 = 0.0124, c =
0.006): TE , TVE
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(f) show evolutions of waves for t = ∆t, 2∆t, 4∆t, 10∆t, 15∆t and 23∆t. In both linear and
nonlinear cases, the amplitudes of the waves progressively decays and the support elongates as the
evolution proceeds. At t = 23∆t (figure 3.17(e)) the peak value is only 40% of the peak of the
original wave initiated at the commencement of the evolution. Due to local increase in density
for the nonlinear case, the evolution for the nonlinear wave lags the evolution for the linear case.
Also since in TVE solid, there is entropy production due to rate of mechanical work, hence heat
generation due to mechanical work, this would result in temperature changes along the length of
the rod during evolution. In the studies conducted here, the initial dimensionless temperature at
time t = 0 is considered to be 1 i.e. θ = 1 is used as initial condition. Figures 3.19(a)-(f) show
temperature distributions along the rod for the same values of time as in figure 3.17. Even in
temperature distribution graphs we observe that the nonlinear case lags the linear case, lower peak
values for nonlinear case and quite complex temperature distribution along 0 ≤ x ≤ 1 after wave
reflection from x = 0.0 boundary (figures 3.19(e) and (f)).
(b) Tensile
When σ1 = 0.1 for loading L1, we have a tensile pulse. Computed evolutions for same values
of time t as in the case of compressive loading are shown in figures 3.20(a)-(f). Due to dissipation,
the wave peaks are reduced for both linear and nonlinear cases. The evolution for linear waves lags
the evolution of nonlinear waves due to a decrease in density (because of tension), hence increased
wave speed in the locally deformed region occupied by the wave. Reflection of the wave at x = 0.0
(figures 3.20(d) at t = 10∆t) and from the x = 1.0 boundary (figure 3.20(f) at t = 23∆t) are smooth
and present no problems. Evolution of temperature is shown in figures 3.22(a)-(f). Evolution of
temperature for the nonlinear wave leads the linear wave. This is consistent with the evolution of
stress wave in figures 3.20(a)-(f). Complex temperature distribution in figures 3.22 (e) and (f) after



























































































































(f) t = 23∆t
Figure 3.17: Evolution of σ [0]xx along the length of the rod in compression(∆t = 0.1, σ1 = −0.1,






















































































































(f) t = 23∆t
Figure 3.18: Evolution of Velocity(v) along the length of the rod in compression(∆t = 0.1, σ1 =































































































































(f) t = 23∆t


























































































































(f) t = 23∆t















































































































(f) t = 23∆t
Figure 3.21: Evolution of Velocity(v) along the length of the rod in tension (∆t = 0.1, σ1 = 0.1,





































































































































(f) t = 23∆t





In this study, we consider a compressive ramp of σ1 =−0.1 over 0≤ t ≤∆t. Figures 3.23(a)-(f)
show evolutions for linear and nonlinear waves at t = ∆t, 2∆t, 6∆t, 10∆t, 12∆t and 19∆t.
Due to the nature of the loading, a progressive increase in density will result for the nonlinear
case. This increase in density should result in slower wave speeds for the nonlinear case. At t = 6∆t
in figure 3.23(a) the nonlinear wave already lags the linear. The nonlinear reflection naturally
occurs after the linear due to the slower speed of nonlinear wave. Reflections are smooth and
wave shapes recover as seen in figure 3.23(e). Figure 3.23(f), at t = 19∆t, dramatically illustrates
the differences in wave speeds. Figures 3.25(a)-(f) show the temperature evolutions for the same
values of time as in figures 3.23(a)-(f).
The behavior of the temperature evolutions is similar to what is observed for the stress wave
in figures 3.23(a)-(f). The nonlinear waves propagate more slowly than the linear waves; again,
this is clearly seen in figure 3.25(f). There is a continued temperature rise within the material due
to sustained load at the free end (x = 1.0) and the associated dissipation mechanism converting
mechanical energy into entropy.
Loading L2: Tensile
In this case we consider tensile ramp loading with σ1 = 0.25. We consider such high values of
σ1 to demonstrate more clearly the shock formation in case of nonlinear waves. In tension, such
high values of σ1 can be used as in tension we do not have the problem of instability. Dimensionless
damping coefficient c is choosen to be 0.006, same as in loading L1. Because of high value
of σ1, large elongation and significant progressive reduction in density will occur. This results
in substantial and progressively increased wave speed. As a consequence, the waves behind the
waves are moving at faster speeds resulting in “piling up” of the waves which ultimately results
in a sharp front referred to as a shock. Figures 3.26(a)-(f) show evolution of stress for both linear

























































































































(f) t = 19∆t
Figure 3.23: Evolution of σ [0]xx along the length of the rod in compression (∆t = 0.1, σ1 = −0.1,







































































































(f) t = 19∆t
Figure 3.24: Evolution of Velocity(v) along the length of the rod in compression (∆t = 0.1, σ1 =

























































































































(f) t = 19∆t
Figure 3.25: Evolution of θ along the length of the rod in compression (∆t = 0.1, σ1 = −0.1,




















































































































(f) t = 18∆t







































































































(f) t = 18∆t














































































































(f) t = 18∆t
Figure 3.28: Evolution of θ along the length of the rod(∆t = 0.1, σ1 = 0.25, c = 0.006): TVE
60
note that even at t = 6∆t, the nonlinear wave has steepened significantly compared to linear wave
confirming shock formation. Comparing evolutions of the linear and the nonlinear waves in figures
3.26(b) and (c) for t = 4∆t and at t = 6∆t, we note that between time t = 4∆t to time t = 6∆t,
the right portion of the wave is traveling faster than the lower left portion of the wave resulting
in further steepening of the nonlinear wave in figure 3.26(c). Reflection in figures 3.26(d) are
smooth and present no problem. The nonlinear waves are travelling much faster than the linear
waves, hence the nonlinear waves are always ahead of the linear waves throughout the evolution.
This is dramatically illustrated in figures 3.26(e) and (f). The evolution of the temperature for
the same time values as in figures 3.26(a)-(f) is shown in figures 3.28(a)-(f). Shock formation in
the temperature evolution and its speed of propagation are similar to the stress wave evolutions
shown in figures 3.26(a)-(f). Due to the nature of the applied stress wave (ramp), the influence of
dissipation can only be observed in the temperature evolution and not the stress evolution. Without
dissipation, there would have been no change in temperature along the length of the rod.
3.4.4 Nonlinear Waves in TVE and TVEM
TVEM are solid with dissipation and memory (rheology). If the damping coefficient is same
in TVE and TVEM, then the dissipation remains the same in both. Thus for the same damping
coefficient in TVE and TVEM, the only difference in the behavior of stress wave in TVEM com-
pared to TVE solid is due to rheology i.e. stress relaxation. In the current section comparison of
nonlinear stress waves for TVE and TVEM are studied to illustrate the effect of rheology.
Loading L1: Compressive and Tensile
In this section we consider pulse loading σ1 = ±0.1 with damping co-efficient c = 0.006 in
both TVE and TVEM and De = 0.002 for TVEM. Figures 3.29(a)-(f) show plots of the stress pulse
propagation and reflection for TVE solid and TVEM for σ1 =−0.1 at times t = ∆t, 2∆t, 6∆t,10∆t,
15∆t, and 24∆t. Due to damping, the wave magnitudes progressively diminish along with base



















































































































(f) t = 24∆t
Figure 3.29: Evolution of σ [0]xx along the length of the rod in compression(∆t = 0.1, σ1 = −0.1,


























































































































(f) t = 24∆t
Figure 3.30: Evolution of σ [0]xx along the length of the rod in tension(∆t = 0.1, σ1 = 0.1, c = 0.006,
De = 0.002):TVE , TVEM
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to rheology, i.e. stress relaxation. In this case, the relaxation time (De) controls the relaxed state
and hence additional time is required to achieve the same lower peak values as for TVE solid.
For example, in figures 3.29(a), (b), (e), and (f), the peaks corresponding to TVEM (dashed line)
will achieve the same lower values as the corresponding peaks for TVE solid (solid lines) if more
time was allowed to elapse. Secondly, we note that the supports of the stress waves for TVEM are
shorter than those of the corresponding TVE solid.
Similar results are presented in figures 3.30(a)-(f) for σ1 = 0.1 i.e. tensile wave. The behavior
of the stress wave in TVE solid and TVEM is similar to what has been described for compressive
stress wave.
Loading L2: Compressive and Tensile
In this case we consider ramp loading of magnitude σ1 = −0.05 in compression and σ1 =
0.1 in tension. The damping co-efficient is choosen to be c = 0.006 and De = 0.004. Figure
3.31(a), (b), (c), (d), (e), and (f) shows the comparison of wave propagation in TVE and TVEM
for t = ∆t, 2∆t, 6∆t,9∆t, 12∆t, and 23∆t. Here we note that given the nature of loading (ramp),
the amplitude of the wave is always the same in both TVE and TVEM, but the relaxation effect
due to the relaxation time (De) results in the wave being more steep in TVEM at a given instant
compared to the wave in TVE where the slope of ramp progressively decreases with time. Due to
the relaxation effect in TVEM, the wave will require additional time to reach the same slope as
TVE at any given instant of time. Similar results are presented in figures 3.32(a)-(f) for σ1 = 0.1
i.e. tensile wave. The behavior of the stress wave in TVE solid and TVEM is similar to what has
been described for compressive stress wave.
3.4.5 Linear and Nonlinear Waves in TVEM
In this section we consider the study for linear and nonlinear waves in TVEM for L2 loading i.e.
ramp loading. The results in this section are similar to the results shown for TVE, but including



















































































































(f) t = 23∆t
Figure 3.31: Evolution of σ [0]xx along the length of the rod in compression(∆t = 0.1, σ1 = −0.05,





























































































































(f) t = 19∆t
Figure 3.32: Evolution of σ [0]xx along the length of the rod in tension(∆t = 0.1, σ1 = 0.1, c = 0.006,
De = 0.004):TVE , TVEM
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De = 0.002, σ1 = 0.25 (tension) and σ1 = 0.1 (compression). Computed evolution for linear and
nonlinear cases are shown in figures 3.33(a)-(f) for stress in tension and figures 3.34(a)-(f) for stress
in compression. We observe that the behavior is similar to L2 tensile and compressive loading for
TVE figure 3.26(a)-(f) and figure 3.23(a)-(f) and hence not repeated for brevity.
3.4.6 Evolution for Large Values of Time: Tensile
In this section we present studies for evolution of tensile ramp loading in TVE and TVEM
for large values of time. We study evolutions computed for 4000 time steps i.e. 400 units of
time that corresponds to 2.8 seconds as t0 in this case is 0.007 seconds. We choose tensile load
σ1 = 0.3, damping coefficient c = 0.006, ∆t = 0.1. The space-time strip element discretization for
these studies are the same as the previous studies with k1 = k2 = 2, p = 9 for both TVE solid and
TVEM.
Figure 3.35 shows plots of displacement u at x = 1.0 versus time t for 0 ≤ t ≤ 400 for TVE
solid for f = 0 (linear case) and f = 1 (nonlinear case). Similar plots for linear and nonlinear
cases for TVEM at De = 0.0008 are shown in figure 3.36. From these figures , we observe that
linear and nonlinear responses are drastically different for TVE as well as for TVEM in terms of
peak negative and positive displacement values and mean values of displacements. The residual
functional I values for each space-time strip are O(10−7) or lower confirming the time accuracy
of the evolution. Thus, the results reported for TVE solid and TVEM are free of numerical disper-
sion. Upon further evolution, the stationary states for TVE solid and TVEM evolution studies are
obtained. The displacement values (su|x=1.0) corresponding to the stationary states are
TVE Solid:
su|x=1.0 = 0.3077 (linear)






















































































































(f) t = 17∆t
Figure 3.33: Evolution of σ [0]xx along the length of the rod in tension(∆t = 0.1, σ1 = 0.25, c= 0.006,

























































































































(f) t = 19∆t
Figure 3.34: Evolution of σ [0]xx along the length of the rod in compression(∆t = 0.1, σ1 = −0.1,



















































Figure 3.36: Displacement u at x = 1.0: TVEM, L2, ∆t = 0.1, σ1 = 0.3
TVEM Solid:
su|x=1.0 = 0.3077 (linear)
su|x=1.0 = 0.2657 (nonlinear)
These values of displacements at x = 1.0 are almost the same as the mean values of the displace-
ments in figures 3.35 and 3.36. We observe that: (i) displacement (su|x=1.0) for the nonlinear case
is lower than linear case as expected due to increase of stiffness caused by tensile stress field which






























Figure 3.37: Peak Positive Displacement of Free End (u|x=1.0): TVE and TVEM, L2, ∆t = 0.1, σ1 = 0.3
evolution. (ii) In the case of TVEM, the displacement values for su|x=1.0 are exactly the same as
those for TVE solid. This is due to the fact that upon complete stress relaxation the TVEM behav-
ior is the same as the behavior of TVE solid. However, the peak values in figure 3.36 for linear as
well as nonlinear cases are not the same as the corresponding values in figure 3.35. Figure 3.37
shows plots of peak positive displacement of the free end (u|x=1.0) as a function of time t for TVE
solid and TVEM for both linear and nonlinear cases.
The differences in the displacement values for TVE solid and TVEM solid for linear case
( f = 0) are obviously due to rheology in TVEM. The same is true for TVE solid and TVEM for
the nonlinear case. Drastically different values of displacements at x = 1.0 for linear and nonlinear
cases for both TVEM and TVE solid are quite obvious from figure 3.37 as well as figures 3.35 and
3.36.
Remarks
For all the numerical performed for TVEM, the value of the Deborah used is quite small. The
values considered for the studies were based on realistic judgement depending on the material
choosen for the studies. Higher value of deborah number’s can be used for material’s like memory




This work presents 1D wave propagatioon studies usiing experimentally determined thermo-
dynamic pressure p(ρ) for hard rubber as equation of state. Mathematical models in R3 and R1
are presented with complete details for compressible TE, TVE and TVEM solids. The second
Piola-Kirchhoff stress and Green’s strain tensors are used as conjugate pairs in the conservation
and balance laws. The constitutive theory for the second Piola-Kirchhoff stress tensor is assumed
to be linear function of Green’s strain tensor for TE. For TVE and TVEM the constitutive theories
are assumed to be linear in strain tensor, its material derivative, and the material derivative of the
second Piola-Kirchhoff stress tensor. The constitutive theory used for heat vector is simple Fourier
heat conduction law with constant thermal conductivity.
The space-time integral formulation based on space-time residual functional for a space-time
strip with time marching is highly meritorious in (a) reducing the problem size (b) ensuring ac-
curate evolution for the current space-time strip before time marching is commenced. When the
space-time residual functional is O(10−6) or lower only then time marching is commenced. This
ensures time accurate evolution during the entire range of time. The orders of the scalar product
approximation space in space and time (k1,k2) are chosen to be 2 so that the space-time integrals
over the discretization of the space-time strip are Riemann in space and Lebeque in time. However,
due to smoothness of evolutions we expect the convergence of the solution of class C1 in time to
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solutions of C2 in time in the weak sense
From the numerical studies we observe the following.
(1) With the incorporation of the actual equation of state in the mathematical models it can be
shown that the assumption of mean normal stress for equilibrium stress assumed in [1] over
predicts the speed of stress waves propagation. This is as a result of the difference in modulus
E used in both the studies. In the published work [1], the modulus E = 32
d
E˜ while in the
current work E=(0.968)dE˜ in tension and E= (0.954)dE˜ in compression is used.
(2) Additionally the assumption of mechanical pressure in the published work [1] over estimates
the density change in the rod when subjected to tensile load and under predicts the density
change when subjected to compressive loading which also effects the speed at which the
waves propagate.
(3) In thermoelastic solid nonlinear waves maintain their amplitude and support for all space-
time strips as well as for extended time evolution confirming that the computational process
utilized here is relatively free of numerical dispersion.
(4) In thermoviscoleastic material the compressive nonlinear waves lag the linear waves due to
increased density, hence reduced wave speed. And the tensile nonlinear waves lead the linear
waves because of reduced density, hence increased wave speed.
(5) The difference in the speed of wave propagatioon for linear and nonlinear cases and the
change in density for tensile and compressive load for thermoviscoelastic material without
memory applies for thermoviscoelastic material with memory.
(6) In both thermoviscoelastic solid with memory as well as the thermoviscoelastic solids with-
out memory, the wave amplitude decays and the wave base elongates as evolution proceeds
due to dissipation i.e. conversion of mechanical energy into entropy which results in temper-
ature rise along the length of the rod. Complex temperature distribution due to dissipation
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is free of oscillations and is simulated without any difficulty together with the deformation
field.
(7) Progressively changing density due to compressibility or elongation results in progressively
changing wave speed which finally results in piling up of waves forming a shock. This
phenomenon exists in compressive as well as tensile nonlinear waves when the matter is
compressible. Compared to linear waves, in the case of nonlinear compressive waves the
shock formation occurs behind the linear wave. Whereas in the case of tensile wave the
shocks are formed ahead of the linear wave. Since in tension, large values of σ1 can be used
without occurance of instability, the studies shown in figures 3.33(a)-(f) for L2 loading with
σ1 = 0.25 clearly show the formation of shock wave ahead of the linear wave.
(8) In the case of TVEM, the results are similar to TVE solid except that in case of TVEM
momentarily higher stress magnitudes are observed during evolutions because of rheology.
(9) From the extended time evolutions shown in figures 3.35 and 3.36 for TVE and TVEM (for
L2 loading) for 4000 time steps we make some remarks
(1) Transient response has dramatically higher displacements than the static response. A
rod of length one unit is elongated as much as 0.58 units during evolution.
(2) Evolutions are smooth and free of numerical dispersion and are time accurate. This is
confirmed by I valules O(10−6) or lower for each space-time strip.
(3) Linear and nonlinear responses differ significantly. Tension increases the effective stiff-
ness value as compression reduces it.
(4) Peak positive displacement for linear and nonlinear cases for TVE and TVEM shown
in figure 3.37 show the differences in linear and nonlinear responses quite clearly.
Thus this work demonstrates the significance of using thermodynamic pressure p(ρ) by includ-
ing the actual equation of state of the material to account for equilibrium stress that is responsible
for the change in volume of the material. The studies presented also illustrate the significance of
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nonlinearity due to Green’s strain and the need for incorporating it in wave propagation studies
involving finite deformation. These studies presented here can not be performed in a time accurate
manner without using the mathematical models presented here and without using the space-time
variationally consistent space-time finite element formulations, [22]- [31], based on space-time
residual functional as used here.
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